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Abstract. In this paper, we will derive a small energy regularity theorem for the 
mean curvature flow of arbitrary dimension and codimension. It says that if the 
parabolic integral of |Ap around a point in space-time is small, then the mean 
curvature flow cannot develop singularity at this point. As an application, we can 
prove that the 2-dimensional HausdorfF measure of the singular set of the mean 
curvature flow from a surface to a Riemannian manifold must be zero. 



1. Introduction 

Recently years, the geometric flow becomes a study focus in geometric analysis. 
Among several basic problems, the regularity of the geometric flow attracts many 
attentions of the mathematicians. Roughly speaking, there are two problems that 
people concern. 

On one hand, they want to know whether, or more precisely, under what condition, 
the flow can exist globally and converge to an ideal object. For example, in [6], Eells- 
Sampson proved that if the sectional curvature of the target manifold is nonpositive, 
then the harmonic map heat flow would converge to a harmonic map at infinity. For 
mean curvature flow, Ecker-Huisken ([5]), Chen-Li-Tian ([3]), Wang ([13]) proved 
some global existence and convergence results for the graphic case. 

On the other hand, as singularity always occurs, one wants to study the properties 
of the singularity, such as, what does the possible singularity look like, and what is 
the behavior of singular set, etc. An important tool to study this is monotonicity 
formula. Using the monotonicity formula for mean curvature flow, Huisken ([8]) 
studied the Type I singularity of mean convex mean curvature flow. Chen-Li ([2]) and 
Wang ([12]) independently showed that there is no Type 1 singularity for symplectic 
mean curvature flow. Another important tool is small energy regularity theorem. It 
describes the local behavior around the singular point. 



Using a blow-up analysis and mean value inequality, K. Ecker ([4]) proved the 
following small energy regularity theorem: 

Theorem 1.1. ([4]) Suppose a family of surfaces (Mj)tg(o,T] moves by their mean 
curvature in . Then there exist constants Eq > and cq > such that for xq G 
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and p e (0, VT], the inequality 



implies the estimate 



sup / 1^1 < £o 

[r-p2,r] JMtnBpixo) 



max 0"^ sup sup \A\'^ < cq. 

<^e[0,p] jg[T-(p-a)2,T) MtnBp_<,(a:o) 



Later on, T. Ilmanen ([9]) generalized Ecker's result to arbitrary dimension and 
codimension and the assumption is weaken to a parabolic one: 

Theorem 1.2. ^[9]^ There is (I constant Sq — ^o(^! ^) such that if (Afj''^)^g^o,i] ^■s o, 
mean curvature flow smoothly immersed in Bi C K"', and 

lMtnBr{x) 

whenever Br{x) x [t — r^,t) G Bi x [0, 1), then Mt fi Bi can be smoothly extended to 



^ / / \A\''dntdt <e^ <el 

Jt-r^ JMtnBrix) 

x) X [t — r^, t 

Bi X {1} and 

\A(x,t)f < C(n, k) max f — 

I - \x\ t2 



for all {x,t) e Bix (0,1]. 

In this paper, we will derive another ^-regularity theorem for the mean curvature 
flow for arbitrary dimension and codimension. Unlike the proof of the above theorems, 
we obtain the result by combining a blow up argument and a K-noncoUapsing theorem. 
Our main theorem is as follows: 

Main Theorem Let M be an n-dimensional complete Riemannian manifold and Eq 
be an n-dimensional submanifold in M. Suppose Eq evolves by the mean curvature 
flow in M. Then there exist constants eQ,r depending on Eq and M, such that if for 
allQ<p<p'<l 

{{p'f-p'y^. T""' / \A\Hi^,dt < 

({p')2-p2)^(Xo) 

then we have 

max sup sup \A\'^ < C, 

o-6(0,§] tg[T_(r-cr)2,r-(§)2] StnB^_<,(Xo) 

where C depends on Sq, Eq and M . 

Our Main Theorem says that if the parabolic integral of | around a point (Xq, T) 
is small, then (Xq, T) cannot be a singular point. Note that our assumption is weaker 
than both of Theorem 1.1 and Theorem 1.2. 
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An application of e-regularity theorem is to estimate the size of singular set. For 
example, Schoen-Uhlenbeck ([10]) used the s-regTilarity theorem for energy minimizer 
map to prove that the m — 2-dimensional Hausdorff measure of the singular set of an 
E- minimizer is 0. Using Theorem 1.1, Ecker proved similar result for mean curvature 
flow. 

Applying our Main Theorem to the case n — 2, we can get the following result: 

CoroUciry 1.3. Let Eg be a surface moving along its mean curvature in an n- 
dimensional complete Riemannian manifold M and T he the singular set. Then 

n\r) = 0. 
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2. Proofs of The Main Theorem 



Proof of The Main Theorem: We prove it by contradiction. Suppose the 
conclusion is false, then 

limsup max sup sup \A\'^ = oo. 

r-^O ae{0,^] te[T-(r-(T)2,T-(§)2] StnB^_<,(Xo) 

Then there exists a sequence {rk} with — >■ such that 

max (j^ max max lAP — )■ +oo. 

<^e{0,rfc/2] [T-(r-fc-(7)2,T-(r-fc/2)2]StnB^^-,.(Xo) ' 

We choose cr^ e (0, rjfc/2] such that 

al max max lAp = max cr^ max max \A\ 

" [T-(rfc-afe)2,T-(rfc/2)2]StnB,^_,JXo) ' <Te(0,rfc/2] [T-{rfe-<7)2,T-{rfe/2)2] EtnB,j^_,(Xo) ' 

Let tfc e [T - (rfc - ak)^,T - (rfc/2)2] and F{xk,tk) = Xk e ^^^-^^(Xo) satisfying 
A? = \A\'^(Xk) = \A\'^(xk,tk) = max max I^P. 

[T-(rfc-afc)2,r-(r-fc/2)2] S«nB.^_,j,(Xo) ' 

Obviously, we have {Xk,tk) — )■ (Xo,T) and A|(j^ — >• oo. In particular, 

max max MP < 4A?, (2.1) 

[T-(rfc-afc/2)2,T-(rfc/2)2] S«nB,^_,^/2(Xo) ' 

and hence 

max max < 4A?. (2.2) 

[tfe-(<7fc/2)2,t,] EtnB,^_,^/2(Xo) 

We choose a normal coordinates in B^IXq) using the exponential map, where 
Br{XQ) is a metric ball in M centered at Xq with radius r (0 < r < im/^). We 
express F in its coordinates functions. Consider the following sequences, 

Fk{x, s) = \k{F{xk + x,tk + Xfs) - F{xk, tk)), s e [-Xlal/^, - h)]- 

(2.3) 
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We denote the rescaled surfaces by in which d/ig is the induced area element from 
M. Therefore, 





- KM? 


Hk 


= K'H, 







Set t — tk + K s, it is easy to check that 

dFk ^ ,dF 
ds ^ dt' 

Therefore, it follows that the rescaled surface also evolves by a mean curvature flow 

dFk 



Hk (2.4) 

us 

^liT-tk)] 

By (2.1) and (2.2) we see that, 



ds 

in fiA,.,(0), where s G [-Xlal/A, Xl{T - t,)]. 



|Afe|(0,0) = l, \Ak\'<A 

in BAfco-fc(O) and s G [— A^(T^/4, 0]. Since we have X^crl — )■ oo, thus by Arzela-Ascoli 
theorem, ^ in C2(5r(0) x [-R,0]) for any /2 > and any Br{0) C W^. 
By (2.3), we know that is defined on (— oo,0]. also evolves along the mean 
curvature flow in with the Euchdean metric and 

i^ooi(o,o) = 1, i^oor<4. 



In order to proceeding further, we need some preparations. Let us first recall a 
K-noncoUapsing theorem proved by Chen- Yin ([!]): 

Theorem 2.1. ([1]) Let {M^,g) be a complete Riemannian manifold of dimension n 
with hounded curvature and the injectivity radius is bounded from below by a positive 
constant, i.e., there are constants C and 5 such that 

\Rm\{x)<C, and inj{M^,x)>S>0, far all x e M^. (2.5) 

Let X : S" — J- M" be a complete isometrically immersed manifold with bounded second 
fundamental form | < C in M", then there is a positive constant 5 — 5{C, 5, C, n) 
such that the injectivity radius of S" satisfies 

inj{iy', x) > 5 > 0, far all x G TT. (2.6) 

As the second fundamental form and its derivatives arc all uniformly bounded on 
S^, by the same argument as in the proof of Lemma 4.1 in [7], we can obtain the 
following K-noncoUapsing theorem. Note that for our case, the ambient space is just 
the Euclidean space R". 

Lemma 2.2. There exist constants Kq = K,o{n) andrQ = ro(n, n) such that Vols{Bs{p, p)) > 
KoP" 05 long as p <rQ and Bs{p, p) C E^, s G {—oo, 0]. 
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Proof: Using Theorem 2.1 we know that there exists a constant i — i{n) such that 

mi(Er)>i, for se {-00,0]. (2.7) 
Moreover, by Gauss equation we have, 

max iRml < Ci — C(n). 

Then by volume comparison theorem, for p < 6, p G S^, we have 

Voh{B,{p,p))>V{p,C,,n), 

where V{p, Ci,n) is the volume of the geodesic ball of radius p in n-dimensional space 
form with constant curvature Ci. But it is well known that 

V{p,Ci,n) = 



J5"-i vCi 



P,sin(vCTr)^„_i^^ 



sin"' ^ rdr. 



On the other hand, hm,.^o = 1- Thus we can choose ro = roiCi, c) = ro(n, n) < i 
such that for all r < y/C^p < VC^ro, we have 



sinr 1 

> -. 

r - 2 



Then for p < ro. 



I.e., 



Vip,C,,n)>-^l ^,dr = ^^p-, 



VohiB,{p,p)) > ^p", for p < ro, s e (-oo,0]. 
This proves Lemma 2.2. 



Q.E.D. 



As for the blow-up flow, the derivatives of the second fundamental form are all 
uniformly bounded, we know from the evolution equations that there exist positive 
constants C2, C3 and C4, such that 

|VA|<C2 on E~, /or s e (-00,0], (2.8) 



and 



ds ^ ^ 
d_ 



< C3 on E~, for s e (-00, 0], 



<C4 on E~, /or s e (-00,0]. 



(2.9) 



(2.10) 
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Using the K-noncoUapsing theorem, we can obtain the following £o-regularity the- 
orem: 

Theorem 2.3. For any < e < minlrg"^^, 2^^} if I-i /sj°nBi(o) l^l'^d/jifds < s, then 
we have 

max max U| < | W — + C2 + C3 + C2C4 | e^. (2.11) 
-i<s<osj°nBi(o) ' VV'^o / 

Proof: We prove it by contradiction. Suppose the conclusion fails, then there exist 

£0, So e (-1,0) and G S^n5i(0), such that |A|(a;o, so) > {^/^^ + C2 + C3 + 020^) e 

1 

and /s<^nBi(o) l^l'^djifds < Eq . Choosing S = £0^^, we know from (2.8) that 



1(0) 

\A\(x,so)>\A\(xo,so)-C25>0 on ^.^(xo, 5) C n Si(0). 



(2.12) 



By (2.9), we know that there exists an interval [a, a + S] C [—1,0] such that sq G 
[a, a + 5], and for any s & [a,a + S], x & Bsq{xq, S) 

\A\{x,s)>\A\{x,so)-C3S>0. (2.13) 

By (2.10), we know that the metrics on the surfaces are all equivalent. In 
particular, we have Bs{xo, 6) C Bs^^xq, (1 + 04)6) for s G [a, a + 5]. Thus we see from 
(2.12) and (2.13) that we have the estimate 

\A\{x,s) > \A\{xo,so)-iC2 + C3 + C2C,)S>0, (2.14) 

for s G [a, a + 5] and x G Bs{xo, S). Therefore, we have by our assumption and Lemma 
2.2 



/O r ra+5 r 

/ \A\'^dfj,'^ds > / / |APd//fds 

-1 iSg°nBi(0) Ja JBs{xo,S) 

> {\A{xo, So) - {C2 + C3 + C2C4)S\f Voh{B,{xo, S))ds 

Ja 



52 

which is a contradiction. This proves the theorem. Q.E.D. 

From the proof of the above theorem it is easy to get the elliptic case. That means, 

1(0) 



Corollary 2.4. For any < e < Tq^^, if /soonBi(o) 1^1^^/^^ ^ ^! ^^^'^ ^^^^ /'^'^ 
each s G [—1, 0] 



max \A\ < \J— + C2] e^. (2.15) 

S-nBi(O)' \\l Ko J 
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Proof of The Main Theorem(Continued): We choose Eq is so small that the 
right hand of (2.11) is smaller than 1 with e = 2eo. But note that |74oo|(0, 0) = 1, 
thus, by Theorem 2.3, wc must have 

r / \A^\^dfj,'^ds>2eo. 
J-i Jsg°nBi(o) 

In particular, for /c >> 1 sufficiently large. 



/ / \Ak\'^diJ,';ds > So. 

J-i JSinBifo) 



/sJnBi(o) 

Rewriting the above integral back to the original surface, we see that we have 



\ n 



/*' / \A\^d^tdt > Eq. (2.16) 

k 



Set tk^T-p^ andtfe-Afc^ = T-{p'f, then {p'f-p^ = A^^ As tk ^ T eiS k ^ oo, 
we see that as k sufficiently large and fixed, we have < p < p' < |, and 

UpT-pY^ T"'' / \A\'dptdt > So, 

JT-(p')^ JT,tr\B 1 

((p')2-p2)3 

which contradicts our assumption. This proves the Main Theorem. Q.E.D. 

The equation (2.16) tells us the set of singularities along the mean curvature flow 
is defined by 

J- = {X e M\3\k ^ oo, tk^T lim / I > £o} 

k 

If So is a surface, i.e., n = 2, as a corollary of the above theorem, we prove. 
Corollary 2.5. n\J^) = 0. 



Proof. Fix S > 0. From the definition of J-' wc know that for any X & J^, there 
exists r > and t < T such that t — r'^>T — d,r<d/ 10 and 

r / \A\'>%'. 

Jt~r2 JT.tnBr{X) 2 

By Theorem 3.3 in [11], we can choose a disjoint family of balls {Brj{Xj)} with 
Xj e T and rj < 6/10 such that the family {B^rjiXj)} covers T and for all j G N 



We then estimate 



< cy^r]<ce^^y^ r / \A\^<ce^^y^ / 

< cso' / E / < c£o ' / / 1^1'- 

-'T-S ~{ J'StDBr- (Xj) Jt-S J'Et 
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By the Gauss equation 

-R1212 = -f^'i2i2 + (^11^22 ~ ^12^12)) 

we get 



= - 2i?i212 + 2/^1212, 

were K is the curvature of M and R is the curvature of S. We therefore have by the 
Gauss-Bonnet formula that, 

/ \A\''diXt< [ \H\''diXt + Ciit{^t) + 87r{g-l), 

where g is the genus of the initial surface Eq. Since 

^ / didt = - [ \H\^djjit, 
at JEt JEt 

M^t) < M^o) and r [ \H\^dpLtdt < pioi^o)- (2.17) 

Jo JT.t 



we have 



So, 

and consequently, 
and therefore. 

Thus, 'h?{J^) = lims^o'Hj{J-') = 0. We finish the proof of our corollary. Q. E. D. 



/ \A\^diit < I \H\^diit + C, (2.18) 
r I \A\'^diitdt < C, 

Jo JT.t 



lim r I IAP = 0. 

Jt-S JT,t 
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